Using a recent technique, proposed by Eardley and Giddings, we extend their results to the high-energy collision of two beams of massless particles, i.e. of two finite-front shock waves. Closed (marginally) trapped surfaces can be determined analytically in several cases even for collisions at nonvanishing impact parameter in D ≥ 4 space-time dimensions. We are able to confirm and extend earlier conjectures by Yurtsever, and to deal with arbitrary axisymmetric profiles, including an amusing case of "fractal" beams. We finally discuss some implications of our results in high-energy experiments and in cosmology.
I. INTRODUCTION
formation.
• New cosmological models based on the brane Universe idea have recently been proposed [17] . In these models the big bang event is identified with the instant at which two almost parallel branes collide. Although the branes move slowly in this case, it is possible that techniques used for the relativistic case can be generalized to other situations endowed with similar symmetries.
Recently, Eardley and Giddings [18] proposed a promising technique for determining the occurrence of closed trapped surfaces (CTSs) in the collision of two shock waves. They considered the case of two colliding point particles at generic impact parameter b and in any D ≥ 4. They succeeded in constructing CTSs for general b in D = 4, and at b = 0 for D > 4, and offered arguments in favour of the existence of a CTS also in D > 4 for sufficiently small b. A consequence of their results is a lower limit on the cross section for BH formation from point-like particles. However, it is well known [9] that strings behave rather as quasi-homogeneous beams over a size of order λ s , the (quantum) string-length parameter. As we shall discuss at the end, this could reduce somewhat the lower bound on the cross section.
With all these motivations in mind we shall extend the work of [18] to the case of finitesize beam-beam collisions. We will first review, for completeness, the argument of [18] and then apply it to the case of homogeneous beams of finite size, first for D = 4 and b = 0, then for D = 4 and b = 0 and then for D > 4 and any b. Finally, we shall present results for axisymmetric collisions when the profile of the beam is arbitrary and discuss some physical implications of our results.
II. A CRITERION FOR GRAVITATIONAL COLLAPSE
An impulsive wave moving with the speed of light along the positive z axis of a D-dimensional space-time leads to the metric (see e.g. [19] , [4] , [20] )
1)
where ρ(x) is the energy density (energy per unit transverse hypersurface) in the beam. Let us use from now on units in which 8πG = 1 and ρ has (for any D) dimensions of an inverse length.
In the coordinatesū,v,x the geodesics and their tangent vectors are discontinuous across the shock [4] , [20] , [18] , whereas in the new coordinates
they are continuous. In these coordinates the metric becomes [18] 
where
Let us now consider the collision of two particle beams, or shock waves, moving in opposite directions along the z axis. By causality, outside the interaction region u > 0, v > 0, the metric is given by a trivial superposition of two metrics of the form (2.6):
We reproduce now, for completeness, the construction of [18] to find a (marginally) closed trapped surface (CTS) S lying in the union of the two null hypersurfaces u = 0, v ≤ 0 and v = 0, u ≤ 0. This property of S allows us to use the simple block-diagonal metric (2.8).
On the null hypersurface u = 0, v ≤ 0, the non-vanishing components of the Christoffel connection are simply
(2.12)
Actually, this result is strictly valid for u > ǫ > 0 with ǫ arbitrarily small, so that we resolve a possible ambiguity by defining θ(0) = θ(ǫ) = 1. Similarly, on the null hypersurface v = 0, u ≤ 0, the non-vanishing components of the Christoffel connection are
Let us define S = S 1 ∪ S 2 , with S 1 : u = 0, v = −ψ 1 (x) ≤ 0, and
(hyper)surface S such that the two families of null geodesics orthogonal to S are converging at S. Modulo other conditions on the energy-momentum tensor that are met in our case, the existence of a CTS guarantees the occurrence of gravitational collapse, i.e., typically, the emergence of singularities hidden behind black-hole horizons. Rather than for CTSs we will look for marginally trapped (hyper)surfaces (MCTSs), on which the above null geodesics have zero convergence. In general S will be defined by f 1 = 0, f 2 = 0, where f 1 and f 2 are C 2 -functions such that f 1;µ and f 2;ν are non-vanishing, non-parallel, and satisfy
for two distinct real values µ 1 and µ 2 of µ. Let N 
S is a CTS (MCTS) if g µν χ 1µν and g µν χ 2µν are never positive (vanish) on S. On S 1 we choose
One then easily finds that
On S 2 we choose, analogously,
i.e. ∇ψ 1 to be parallel to ∇ψ 2 and
The necessary and sufficient condition for this to happen is [18] 
To summarize, S is a MCTS under the following conditions:
In [18] the authors construct C for the collision of massless point particles at zero impact parameter b and any D, as well as for non-vanishing impact parameter in D = 4. In the following sections we will describe extensions to the case of non-point-like beams.
III. HOMOGENEOUS FINITE-SIZE BEAMS
Let us consider the case of finite-size beams with radius R 1 ≥ R 2 and homogeneous energy density ρ 1,2 inside. It is useful in this case to introduce for each beam its "focal distance"
This is where the null geodesics parallel to the z-axis converge after hitting the shock wave, which therefore acts as a perfect anastigmatic lens [21] , [20] .
where r is the radial coordinate in the transverse x space. The conditions (2.24) are already satisfied while (2.25) reads
(2.25) has two solutions:
The first lies inside both beams, while the second is external to both. The physical meaning of this result is quite clear: if R 2 > 2 √ f 1 f 2 there are CTSs that intersect the collision plane at any value of r between r c1 and r c2 (the CTS becomes a MCTS at r = r c1 , r c2 ). An example is the surface S = S 1 ∪ S 2 , with 8) so that g µν χ 2µν = 4(r −1 c − (2f 1 ) −1 ) < 0 and similarly for S 2 . Thus S is a CTS for
In the case
we have MCTSs intersecting the collision plane for any r in R 1 > r > R 2 . The conditions (2.23) finally determine the constants c 1,2 . So we have shown that in the collision of finite-size beams with vanishing impact parameter in 4 dimensions a CTS forms if R 2 ≥ 2 √ f 1 f 2 . This result is in full agreement with one of the conjectures by Yurtsever [7] . In fact his criterion for collapse, R 2 ≫ 2 √ f 1 f 2 , is simply replaced by R 2 ≥ c √ f 1 f 2 with c ≤ 2.
For the case of non-vanishing impact parameter, a closed trapped surface can be constucted starting with the solution at b = 0. Let the first beam be centred around −a ≤ 0 on the x-axis and the second beam around a on the x-axis, so that the impact parameter is b = 2a.
Let us construct a solution starting with (3.6). If the impact parameter fulfils the condition
then on the circle
we are still inside both beams. This time (unlike in the case b = 0) we can allow in ψ 1,2 − φ 1,2 not only a constant but also a term linear in x. We thus choose 12) so that
ψ 1,2 (x, y) = 0 on C (3.14)
We conclude that if (3.5) and (3.10) hold, a black hole will form in the collision, the maximal impact parameter being
A similar method can be used to generalize (3.7). Let us assume, for simplicity, that the two beams are identical: R 1 = R 2 = R, ρ 1 = ρ 2 = ρ. If the impact parameter fulfils
then the circle
is external to both beams. Choosing
we find
The extra sources on the x-axes at ± r 2 c2 a always lie outside C. The situation is now the same as for the collision of two particles described in [18] . We use complex variables z = x+iy r c2 and make a conformal transformation
The circle C is then transformed to a new curve C ′ and, in terms of the new coordinates,
The points (±a, 0) are transformed to (±a
r c2 h(a/r c2 ), 0) where
has a maximum at w max ≈ 0.62519 with h(w max ) ≈ 0.80474. Taking (3.17) into account we have that this solution is possible for
Note that (3.5) only fixes R < r c2 and that b max,2 ≥ b max,1 .
Let us generalize the results to arbitrary dimensions D > 4. For vanishing impact parameter we find (recalling the definition f = (d/2)(8πGρ) −1 ):
The condition (2.25) reads
Keeping in mind that, by convention, R 2 ≤ R 1 , let us introduce two length scales:
We then distinguish various cases according to the value of R 2 .
• R 2 < 2f
In this case we cannot find any MCTSs.
• 2f < R 2 < 2F
We find two MCTSs: the first intersects the collision hyperplane at r = r c1 = 2f < R 2 , (3.33)
i.e. inside the two beams. The second intersects at 34) i.e. inside beam 1 and outside beam 2.
• R 2 > 2F
We find again two MCTSs: the one corresponding to the circle of radius r c1 and a second with
i.e. outside both beams.
Finally, the constants c 1,2 can be easily determined from (2.23).
We have thus shown that in the collision of finite-size beams at vanishing impact parameter in (D > 4) dimensions, a closed trapped surface will form whenever R 2 > 2f . The radii r c1 and r c2,3 all correspond to MCTS and, by continuity, there should be genuine CTS intersecting the collision hyperplane at r c1 < r < r c2,3 .
It is amusing to try to understand, at any D, the physical meaning of the critical radius r c1 which lies inside both beams. Boost the system to a Lorentz frame in which ρ 1 = ρ 2 = ρ and go back for a moment to the coordinatesū,v andx to analyse the null geodesics. A null geodesics parallel to the z-axis and initially at u < 0, v = 0 and R > x 0 > 0 will hit the shock wave at u = 0, and then instantaneously jump by [20] 
and again follow a straight line to reach x = 0 at
Precisely for x 0 = 2f we have ∆z = z F and therefore a scattering angle of π/2 in the (x-z)-plane. In other words, for R 2 = 2f the lens effect of the wave is strong enough to deflect the energy impinging on its edges by 90 degrees! Fig.1 illustrates this point.
For non-vanishing impact parameter, the solution starting with (3.33) is constructed as in 4 dimensions. If the impact parameter fulfils
lies inside both beams and we can take
in order to satisfy all the conditions for a MCTS.
Therefore if R 2 > 2f and (3.38) hold, a black hole will be created in the collision. To find a solution starting with (3.34) is more difficult, but it is easy to argue, by continuity, that an outer MCTS should exist also in this case.
IV. NON-HOMOGENEOUS BEAMS
We now want to address the question of how natural the creation of a black hole is in the collision of two particle beams of arbitrary transverse profile. We will restrict our attention to axisymmetric examples, i.e. to collisions at b = 0 of beams whose energy density is only a function of the transverse radius ρ 1,2 (x) = ρ 1,2 (r). Then the beam energy inside a radius r is simply
) is the solid angle in d dimensions. We want to construct a closed trapped surface and for this we start with
so that (2.24) is fulfilled. This also implies
so that (2.25) can be written as
If this has at least one solution, we can adjust the constants c 1,2 in such a way that ψ 1,2 vanishes on the critical radius, i.e. we have constructed a MCTS.
As a first example, consider a "fractal" beam
where α 1,2 are constants and the last condition guarantees that E(r) ∼ r δ < ∞ for finite r.
We can call δ the fractal dimension of the (energy stored in the) beam. For δ = d − 1 we always find a critical radius for a MCTS at
while, for δ = d − 1, we can choose any radius if α 1,2 fulfil the condition
but we find no solution otherwise. We interpret this by saying that, for
we have CTSs with r > r c (r < r c ), with r c given by (4.6), while, for δ = d − 1, we either have, at all r, a MCTS (if (4.7) holds), a CTS (if
Consider finally the case
where (4.4) becomes 9) and the existence of a solution depends on the precise values of α 1,2 , δ 1,2 and D. As an example, for D = 5, δ 1 = δ 2 = δ, α 1 = α 2 = α = 2δ there is a solution r c > 0 for δ > 1 but none otherwise.
V. PHYSICAL IMPLICATIONS
Let us briefly discuss the possible physical implications of our results, first in string cosmology and then on cross-sections for black-hole formation.
• String cosmology
We believe that our results clearly go in favour of the arguments given in [11] , [12] for the generic occurrence of gravitational collapse in the presence of an initial, classical chaotic sea of massless waves. It is also self-evident that the criteria for collapse never involve the Planck length/mass, but only dimensionless ratios of classical lengths describing either the geometry of the beams or the geometry of space-time. We have thus provided further answers to the allegations of fine-tuning in pre-big bang cosmology claimed in [23] . One limitation of our method is the restriction to impulsive waves. We think that this should not be a problem of principle and that generalization of our results to "thick" waves should be possible. By contrast, our results have nothing to say on the nature of the singularity that lies inside the CTSs and, in particular, on whether, in its vicinity, space-time is described by a Kasner-like metric or by the more generic BKL oscillatory behaviour recently discussed by Damour and Henneaux [24] . This may very well depend on the nature of the collapsing waves.
• Black-hole production at accelerators Our results confirm the absence of the exponential suppression claimed in [16] . However they imply a revision, unfortunately downwards, of previous estimates [14] and [18] of black hole production in theories with large extra dimensions and low-scale quantumgravity. Those theories make sense only in a superstring context, which introduces a length scale λ s , which is at least as large as the (true, multidimensional) Planck length l P ∼ M −1 P . As mentioned in the introduction, if strings, rather than point particles, are colliding, string-size effects can be modelled [9] by considering beam-beam collisions with beam sizes of order λ s . Using our results (3.10), (3.38), and inserting R ∼ λ s , we find that the range of impact parameter where black hole formation must occur is
where E is the centre-of-mass energy of the collision. Equation (5.1), together with the expected relation [15] σ BH ∼ πb 2 , implies that, in order to arrive at reasonable cross sections for black hole production, the c.m. energy should satisfy E > E threshold ∼ M P (λ s /l P ) D−3 , i.e. should be parametrically larger than M P if, as expected, λ s /l P > 1.
This is in agreement with many of the conclusions reached in [15] . 
